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a b s t r a c t
We point out mistakes in two papers previously published in Discrete Applied
Mathematics, dealingwith highly strongly connected spanning local tournaments in locally
semicomplete digraphs. We conjecture that every (2k − 1)-strong locally semicomplete
digraph on at least 2k + 1 vertices contains a k-strong spanning local tournament and
prove the conjecture for k = 1, 2. We also prove that every 5-strong locally semicomplete
digraph which is not semicomplete contains a 3-strong spanning local tournament. We
furthermore show that for semicomplete digraphs, which form a proper subclass of
locally semicomplete digraphs, 2k − 1 would be the best possible bound and for locally
semicomplete digraphs which are not semicomplete we show that the correct bound is at
least 2k− 3.
© 2009 Elsevier B.V. All rights reserved.
1. Introduction
We refer the reader to [3] for notation not defined here. Digraphs in this paper have no loops or parallel arcs. Paths and
cycles are always directed.
A digraph D is a tournament (semicomplete digraph) if there is precisely (at least) one arc between any pair of distinct
vertices of D. A digraph D = (V , A) is a local tournament (locally semicomplete digraph) if for every vertex x ∈ V , the set
of out-neighbours of x induces a tournament (semicomplete digraph) and the set of in-neighbours of x induces a tournament
(semicomplete digraph). A digraph is complete if every pair of vertices induce a 2-cycle. The complete digraph on n vertices
is denoted by K ∗n . An oriented graph is a digraph without 2-cycles.
A digraph D = (V , A) is strongly connected (or just strong) if there exists a path from x to y and a path from y to x in D
for every choice of distinct vertices x, y of D and D is k-strong if D−X is strong for every subset X ⊂ V such that |X | ≤ k−1.
The following conjecture by Jackson and Thomassen seems difficult and even the existence of a function f (k) such that
every f (k)-strong digraph contains a spanning k-strong oriented graph is open already for k = 2. The bound 2k would be
best possible for general digraphs as shown by examples in [3, page 467]. Even for semicomplete digraphs the conjecture is
open for k ≥ 3. The case k = 2 follows from Theorem 3.5.
Conjecture 1.1 ([9]). Every 2k-strong digraph contains a spanning k-strong oriented graph.
Bang-Jensen proved [1] that every 5k-strong locally semicomplete digraph contains a spanning k-strong local
tournament. This bound was improved by Guo to (3k − 2) in [5]. Guo also gave an argument to show that for locally
semicomplete digraphs that are not semicomplete already (2k − 1)-strong connectivity would be sufficient. Then in [7]
Huang gave an argument to show that 2k− 1 could be replaced by kwhen D is locally semicomplete but not semicomplete.
The purpose of this note is to show that the latter result is wrong and in fact the bound is at least 2k− 3. We also show that
Guo’s proof for the 2k − 1 bound is incomplete, hence leaving 3k − 2 is the best known bound for general k, even when D
is assumed to be locally semicomplete and not semicomplete.
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Conjecture 1.2 ([4]). For every positive integer k, every (2k−1)-strong semicomplete digraph on at least 2k+1 vertices contains
a spanning k-strong tournament.
The following example shows that this would be best possible for every k ≥ 1. Let k ≥ 2 be an integer, let U and W
be disjoint copies of the complete digraph K ∗2k−2 with vertex sets {u1, . . . , u2k−2} and {w1, . . . , w2k−2}, respectively and let
D′2k−2 be the semicomplete digraph obtained from these by adding the arcs {uiwi|i = 1, 2, . . . , 2k−2} from U toW and the
arcs {wiuj|1 ≤ i, j ≤ 2k−2, i 6= j} fromW to U . It is easy to see that D′2k−2 is (2k−2)-strong and that D′2k−2 has no spanning
k-strong tournament (for every spanning tournament T , some vertex in U will have out-degree at most k − 1). By taking
an arbitrary tournament C and adding all arcs fromW to C and from C to U we obtain an infinite family of (2k− 2)-strong
semicomplete digraphs containing no spanning k-strong tournament.
2. Further terminology and preliminaries
Let D = (V , A) be a digraph. If there is an arc from a vertex x to a vertex y in D, then we say that x dominates y and use
the notation x→ y to denote this. When x→ ywe say that x (y) is an in-neighbour (out-neighbour) of y (x).
If X and Y are disjoint subsets of vertices ofD such that there is no arc from Y to X and x→ y for every choice of x ∈ X and
y ∈ Y , thenwe denote this by X ⇒ Y .We letN−(x) (respectively,N+(x)) denote the set of vertices dominating (respectively,
dominated by) x in D. The in-degree (out-degree) of x is the number d−(x) = |N−(x)| (d+(x) = |N+(x)|). For S ⊂ V use the
notation D− S for the digraph induced by V − S
If a digraph is not strong, then we can label its strong components D1, . . . ,Ds, s ≥ 2, such that there is no arc from Dj to
Di if j > i. We call this an acyclic ordering of the strong components of D. In general this ordering is not unique, but it is so
for locally semicomplete digraphs, where we have V (Di)⇒ V (Di+1) for i = 1, 2, . . . , s− 1 (see e.g. [3, Theorem 2.10.6]).
Let R be a digraph on r vertices and let L1, . . . , Lr be a collection of digraphs. Then R[L1, . . . , Lr ] is the new digraph
obtained from R by replacing each vertex vi of Rwith Li and adding an arc from every vertex of Li to every vertex of Lj if and
only if vi → vj is in D(1 ≤ i 6= j ≤ r). Note that if we have D = R[L1, . . . , Lr ], then R, L1, . . . , Lr are subdigraphs of D.
A digraph on n vertices is round if we can label its vertices v0, v1, . . . , vn−1 so that for each i, N+(vi) =
{vi+1, . . . , vi+d+(vi)} and N−(vi) = {vi−d−(vi), . . . , vi−1} (modulo n). Note that every strong round digraph is Hamiltonian.
Theorem 2.1 ([1, Theorem 5.1]). A local tournament is round if and only if N+(v) and N−(v) induce transitive tournaments for
every vertex v ∈ V (D).
The unique sequence D1,D2, . . . ,Dp of the strong components of a locally semicomplete digraph D is called the strong
decomposition of Dwith the initial component D1 and the terminal component Dp.
Another kind of decomposition theorem for locally semicomplete digraphs was described in [6].
Theorem 2.2 ([6]). Let D be a connected locally semicomplete digraph that is not strong and let D1, . . . ,Dp be the strong
decomposition of D. Then D can be decomposed in h ≥ 2 subdigraphs D′1,D′2, . . . ,D′h as follows:
D′1 = Dp, λ1 = p,
λi+1 = min{j | N+(Dj) ∩ V (D′i) 6= ∅},
and D′i+1 = D〈V (Dλi+1) ∪ V (Dλi+1+1) ∪ · · · ∪ V (Dλi−1)〉.
The subdigraphs D′1,D
′
2, . . . ,D
′
h satisfy the properties below:
(a) D′i consists of some strong components of D and is semicomplete for i = 1, 2, . . . , r;
(b) D′i+1 dominates the initial component of D
′




i+1 for i = 1, 2, . . . , r − 1;
(c) if h ≥ 3, then there is no arc between D′i and D′j for i, j satisfying |j− i| ≥ 2.
For a connected, but not strongly connected locally semicomplete digraphD, the unique sequenceD′1,D
′
2, . . . ,D
′
h defined
in Theorem 2.2 is called the semicomplete decomposition of D.
Theorem 2.3 ([1]). Every strong locally semicomplete digraph has a hamiltonian cycle. 
Lemma 2.4 ([1]). Let D be a strong locally semicomplete digraph and let S a minimal set (w.r.t. inclusion) so that D − S is not
strong. Then the underlying undirected graph of D− S is connected. 
Lemma 2.5 ([3, Lemma 2.10.12]). If a strong locally semicomplete digraph D = (V , A) is not semicomplete, then there exists a
minimal separating set S ⊂ V such that D− S is not semicomplete.
Lemma 2.6 ([3, Proposition 5.8.5]). Let D = (V , A) be a k-strong digraph and let D′ be obtained from D by adding a new vertex
x and joining it to V in such a way that x has at least k in-neighbours in V and at least k out-neighbours in V . Then D′ is k-strong
and if it is not also (k+ 1)-strong, then either min{d+D′(x), d−D′(x)} = k or every minimum separating set in D′ is also a minimum
separating set in D. 
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Fig. 1. A locally semicompleteDr that cannot be obtained from a local tournament by substituting semicomplete digraphs for vertices. Each of the digraphs
U,W is a copy of K ∗r , the complete digraph on r ≥ 2 vertices. Bold arcs between two sets indicate that all arcs have the direction shown, except between
U andW where the arcs of a matching go from U toW and all other arcs go fromW to U . Thus Dr −{u, v} is the semicomplete digraph D′r described at the
end of Section 1. The only pair of non-adjacent vertices in Dr is u, v.
3. Examples and results
In [7] the following claim plays an important role:
Claim 1 ([7]). Every locally semicomplete digraph D can be obtained from a local tournament T by substituting semicomplete
digraphs for vertices in T , that is D = T [S1, S2, . . . , St ], where Si semicomplete for i = 1, . . . , t.
In particular this would imply that in a locally semicomplete digraph D which is not a local tournament, every 2-cycle
would be contained in some Si in the decomposition above. Consider the infinite family of digraphs Dr described in Fig. 1.
Suppose Dr decomposes as Dr = T [S1, S2, . . . , St ] where Si is a semicomplete digraph and T is a local tournament. Then
t ≥ 2 since u and v are not adjacent. Now consider the vertices of U . They are all joined by 2-cycles so w.l.o.g. they all
belong to S1. Because each vertex of W has arcs in both directions to U and T has no 2-cycle, all vertices of W must also
belong to S1 and now it follows that also u, v ∈ S1, a contradiction. Thus Dr cannot be obtained from a local tournament
by substituting semicomplete digraphs for vertices, showing that Claim 1 is false. It is stated in [7] that Claim 1 was proved
in [8] but we could not find the claim there and its seems that Huang simply misinterpreted his structural characterization
of local tournament orientations of graphs in [8].
Lemma 3.1 ([2]). Let T be any digraphwithout 2-cycles on t ≥ 3 vertices and let D = T [D1,D2, . . . ,Dt ], where Di is an arbitrary
digraph for i = 1, 2, . . . , t. If D is k-strong then it contains a spanning k-strong digraph D′ without 2-cycles.
In [7] Claim 1 was combined with Lemma 3.1 to conclude that that every k-strong locally semicomplete digraph which
is not semicomplete contains a spanning k-strong local tournament. We saw above that Claim 1 is false. To see that also the
bound k is wrong, consider again the locally semicomplete digraphDr and take r = 2k−4. Notice thatD′2k−4 = D2k−4−{u, v}
is a (2k− 4)-strong semicomplete digraph which does not contain a spanning (k− 1)-strong tournament, because in every
spanning tournament of D′2k−4 at least one vertex in U (W ) will have out-degree (in-degree) at most k− 2. This implies that
D2k−4 has no spanning k-strong local tournament since each vertex in U has only one new out-neighbour (u) in D2k−4. By
Lemma 2.6, D2k−4 is (2k − 4)-strong (it cannot have higher connectivity as u has only 2k − 4 in-neighbours) so we have
shown the following.
Proposition 3.2. For every k ≥ 4 there exist (2k − 4)-strong locally semicomplete digraphs which are not semicomplete and
which have no spanning k-strong local tournament. 
The locally semicomplete digraphs in Figs. 2 and 3 show that also for k = 2, 3 there are k-strong locally semicomplete
digraphs containing no spanning k-strong local tournament.
A locally semicomplete digraph D is round decomposable if there exists a round local tournament R on r ≥ 2 vertices
such that D = R[S1, . . . , Sr ], where each Si is a strong semicomplete digraph. What Huang in fact proved in [7] is the
following.
Theorem 3.3 ([7]). Every k-strong round-decomposable locally semicomplete digraph contains a spanning k-strong local
tournament. 
Wenow turn to the paper [5]where the following result is proved. In [5] Guo only gave a proof for semicomplete digraphs
but the extension to locally semicomplete digraphs follows from the semicomplete case and Theorem 3.6 below.1
1 Guo used the incorrectly proven claim that 2k− 1 is enough when D is not semicomplete to derive Theorem 3.4 from the semicomplete case.
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Fig. 2. A 2-strong non-semicomplete locally semicomplete digraph containing no 2-strong spanning local tournament.
Fig. 3. A 3-strong non-semicomplete locally semicomplete digraph containing no 3-strong spanning local tournament.
Theorem 3.4 ([5]). For every positive integer k, every (3k − 2)-strong locally semicomplete digraph contains a spanning local
tournament. 
It is worth noting here that when k ≥ 3 this is the best known bound even for semicomplete digraphs. For k = 2 and
semicomplete digraphs the correct bound is 3 with one trivial exception, the complete digraph K ∗4 on 4 vertices:
Theorem 3.5 ([4]). Every 3-strong semicomplete digraph on at least 5 vertices contains a spanning 2-strong tournament.
In [5] it was claimed that for locally semicomplete digraphs that are not semicomplete we can replace 3k− 2 by 2k− 1
and an inductive argument for this was given. Unfortunately, that proof is incomplete as we will point out after the proof of
Theorem 3.6 below. Recall that the semicomplete digraph D′2k−2 shows that we must have g(k) ≥ 2k− 1 below.
Theorem 3.6. Suppose g(k) is an integer-valued function such that g(1) ≥ 1 and g(k) ≥ g(k − 1) + 2 and for every k ≥ 1
every g(k)-strong semicomplete digraph contains a spanning k-strong tournament. Then every g(k)-strong locally semicomplete
digraph contains a spanning k-strong local tournament which contains an arc from every 2-cycle of D.
Proof. We follow Guo’s argument in [5] and point out the mistake in his argument after the proof. The proof is by induction
on k with the base case k = 1 following from Theorem 2.3. If D is semicomplete there is nothing to prove by the choice
of g(k) so assume below that D is not a semicomplete digraph. By Lemma 2.5, D has a minimal separating set S such that
D − S is not semicomplete. By Lemma 2.4, D − S is connected. Let D1,D2, . . . ,Dp be the strong decomposition of D − S
and let D′1,D
′
2, . . . ,D
′
h be the semicomplete decomposition of D− S (according to Theorem 2.2). As D is g(k)-strong and not
semicomplete we have |S|, |V (D′2)| ≥ g(k) ≥ 2k− 1 and h ≥ 3. Using the definition of a locally semicomplete digraph it is
easy to show that D′2 ⇒ D′1 ⇒ S ⇒ D1 (see e.g., [3, Lemma 2.10.12]).
Let x1 ∈ V (D1), x2 ∈ V (Dp) and D∗ = D − {x1, x2}. Since g(k) ≥ g(k − 1) + 2, D∗ is a g(k − 1)-strong locally
semicomplete digraph. By the induction hypothesis, D∗ contains a (k − 1)-strong spanning local tournament T ∗ which
contains and arc of every 2-cycle in D∗. Since we have D′2 ⇒ D′1 ⇒ S ⇒ D1, each of the sets {x2s|s ∈ S}, {yx2|y ∈ V (D′2)},{sx1|s ∈ S}{yx2|y ∈ V (D′2)} contain at least g(k) arcs and none of the latter arcs are in 2-cycles (implying that x1 has at least
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g(k) out-neighbours outside S). This shows that we may add x1, x2 to T ∗ together with all arcs from D between {x1, x2} and
V − {x1, x2} and delete one arc from each 2-cycle incident with x1 or x2 in such a way that in the resulting local tournament
T the vertices x1, x2 both have in- and out-degree at least g(k).
By Lemma 2.6, T is (k − 1)-strong. Suppose it is not k-strong and let S ′ be a separating set of size k − 1. By Lemma 2.6,
S ′ is also a separating set of T ′ and none of x1, x2 are in S ′. Let T1, T2, . . . , Tq be the strong decomposition of T − S ′ and let
T ′1 = Tq, T ′2, . . . , T ′t be the semicomplete decomposition of T − S ′. As x1 and x2 are not adjacent (there is no arc in D from
V (D′h) to V (D
′
1) = V (Dp)), T − S ′ is not semicomplete so we must have t ≥ 3. But now in T all out-neighbours of V (Tq) are
in S ′. As T is a spanning local tournament of the g(k)-strong digraph D and g(k) ≥ 2k− 1 > k− 1, there must be arcs from
V (Tq) to V − S ′−V (Tq) in D. Since there are no arcs in T between V (T ′3) and V (T ′1) = V (Tq) and T contains an arc from every
2-cycle in D, there is also no arc in D between V (T ′3) and V (T
′
1) = V (Tq). On the other hand, since D− S ′ is strong, it contains
a path from V (Tq) to V (T ′3) so there is some 2-cycle xyx in D with x ∈ V (T ′2) and y ∈ V (T ′3). However, this and the fact that
V (T ′2)⇒ V (Tq) implies that x is adjacent to all vertices of V (Tq), a contradiction. This shows that T must be k-strong and the
proof is complete. 
Now we can explain why the ‘‘proof’’ of Theorem 2.1 in [5], claiming that every (2k − 1)-strong locally semicomplete
digraph which is not semicomplete contains a spanning k-strong local tournament, is incomplete. The argument is identical
to the one above until the place where we used the induction hypothesis. Suppose D = Dr from Fig. 1 with r = 2k−1. Then
D is (2k−1)-strong and theminimal separator S such thatD−S is not semicompletemust be either all vertices ofU and then
V (D1) = {u} and V (Dp) = {v} or all vertices ofW and then V (D1) = {v}, V (Dp) = {u}. But then, when we delete x1 = u and
x2 = v, we obtain a semicomplete digraph and hence cannot apply the induction hypothesis (which now only is assumed
to hold for non-semicomplete locally semicomplete digraphs), which is what is done in [5]. Note also that if we could just
choose another pair of non-adjacent vertices x1, x2, the proof above would still work. Again D2k−1 shows that this is not
always possible so we cannot be sure that there is any separating set S ′ of size k− 1 in T so that T − S ′ is not semicomplete
unless we choose {x1, x2} = {u, v}. Hence a new approach is necessary to handle the cases whenmin{|V (D′h)|, |V (D′1)|} = 1,
as long as we do not assume the truth of Conjecture 1.2. See also Proposition 3.9.
Corollary 3.7. Every 3-strong locally semicomplete digraph D contains a spanning 2-strong local tournament and every 5-strong
locally semicomplete digraph which is not semicomplete contains a spanning 3-strong local tournament.
Proof. This follows from Theorem 3.5 and the proof of Theorem 3.6. When D is 5-strong we need Theorem 3.5 to guarantee
that the digraph D∗ in the proof of Theorem 3.6 has a 2-strong spanning strong local tournament T ∗ because D∗ may be
semicomplete. 
We still believe that [5, Theorem 2.1] is true, but so far it remains a conjecture for k ≥ 4.
Conjecture 3.8. For every integer k ≥ 1 every (2k−1)-strong locally semicomplete digraph which is not semicomplete contains
a spanning k-strong local tournament.
Theorem 3.3 shows that the conjecture holds for round decomposable locally semicomplete digraphs. By Theorem 3.6
the truth of Conjecture 1.2 would imply that Conjecture 3.8 is true.
The example in Fig. 1 shows that the connectivity bound in this conjecture cannot be significantly better than 2k − 1,
namely it cannot be less than 2k − 3. We were not able to find examples pushing the lower bound higher than 2k − 3.
The next reformulation of our observation above shows that the correct bound for locally semicomplete digraphs which are
not semicomplete cannot be much better than the corresponding bound for semicomplete digraphs with sufficiently many
vertices.
Proposition 3.9. Suppose h(k) is the smallest integer-valued function such that for every k ≥ 1, every h(k)-strong locally
semicomplete digraph D which is not semicomplete contains a spanning k-strong tournament. Then every h(k + 2)-strong
semicomplete digraph on at least 2h(k+ 2) vertices contains a spanning k-strong tournament.
Proof. Let D = (V , A) be a semicomplete digraph which is h(k + 2)-strong and at least 2h(k + 2) vertices. Let S, S ′ be an
arbitrary partition of V into sets of size at least h(k+ 2) where |S| = h(k+ 2). Let D′′ be the locally semicomplete digraph
that we obtain from D by adding two new vertices u, v and the arcs {su|s ∈ S} ∪ {ut|t ∈ S ′} ∪ {tv|t ∈ S ′} ∪ {vs|s ∈ S}. Then
D′′ is h(k + 2)-strong by Lemma 2.6 and by the definition of h(k), D′′ contains a spanning (k + 2)-strong local tournament
T ′. Deleting u, v from T we obtain a k-strong spanning tournament of D. 
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